In this paper we improve the result about the polyconvexity of the energies from the family of isotropic volumetric-isochoric decoupled strain exponentiated Hencky energies defined in the first part of this series, i.e.
Introduction

Exponentiated Hencky energy
In a previous series of papers [29, 30, 28] we have modified the Hencky energy and considered the family of energies > 0 is the infinitesimal bulk modulus with λ the first Lamé constant, k, k are additional dimensionless parameters, F = ∇ϕ is the gradient of deformation, U = √ F T F is the right stretch tensor and dev 2 log U = log U − 1 2 tr(log U ) · 1 1 is the deviatoric part of the strain tensor log U . For X ∈ R 2×2 , X 2 = X, X is the Frobenius tensor norm, tr(X) = X, 1 1 and 1 1 denotes the identity tensor on R 2×2 . For further notations we refer to [29] .
Our renewed interest in the Hencky energy is motivated by a recent finding that the Hencky energy (not the logarithmic strain itself) exhibits a fundamental property. By purely differential geometric reasoning, in forthcoming papers [27, 26, 31] (see also [7, 17] ) it will be shown that
where dist geod is the canonical left invariant geodesic distance on the Lie group GL + (n) and dist geod,SL(n) , dist geod,R+·1 1 denote the corresponding geodesic distances on the Lie groups SL(n) and R + · 1 1, respectively (see [26, 31] ). On the other hand, some constitutive issues, e.g. the invertible true-stress-true-strain relation and the monotonicity of the Cauchy stress tensor as a function of log B, where B = F F T is the left Cauchy-Green tensor, recommend the energies from our family of exponentiated energies as good candidates in the study of nonlinear deformations. Moreover, in the first part [29] it is shown that the proposed energies have some other very useful properties: analytical solutions are in agreement with Bell's experimental data; planar pure Cauchy shear stress produces biaxial pure shear strain and the value 0.5 of Poisson's ratio corresponds to exact incompressibility. It is found [29] that the analytical expression of the pressure is in concordance with the classical Bridgman's compression data for natural rubber. An immediate application to rubber-like materials is proposed in [24] . We have also shown that the energies from the family of exponentiated energies improve several features of the formulation with respect to mathematical issues regarding well-posedness. We have established that, in planar elasto-statics, the exponentiated energies W eH satisfy the Legendre-Hadamard condition (rank-one convexity) [29] for k ≥ 
Polyconvexity
The notion of polyconvexity has been introduced into the framework of elasticity by John Ball in his seminal paper [3, 2, 33] . Various nonlinear issues, results and extensive references are collected in Dacorogna [10] . In the two dimensional case, a free energy function W (F ) is called polyconvex if and only if it is expressible in the form W (F ) = P (F, det F ), P : R 10 → R, where P (·, ·) is convex. Polyconvexity is the cornerstone notion for a proof of the existence of minimizers by the direct methods of the calculus of variations for energy functions satisfying no polynomial growth conditions, which is the case in nonlinear elasticity since one has the natural requirement W (F ) → ∞ as det F → 0. Polyconvexity is best understood for isotropic energy functions, but it is not restricted to isotropic response. The polyconvexity condition in the case of space dimension 2 was conclusively discussed by Rosakis [35] andŠilhavý [42, 43, 47, 48, 46, 45, 44] , while the case of arbitrary spatial dimension was studied by Mielke [21] . The n-dimensional case of the theorem established by Ball [3, page 367] has been reconsidered by Dacorogna and Marcellini [12] , Dacorogna and Koshigoe [11] and Dacorogna and Marechal [13] . It was a long standing open question how to extend the notion of polyconvexity in a meaningful way to anisotropic materials [4] . An answer has been provided in a series of papers [40, 38, 37, 16, 39, 5, 40] .
Rank-one convexity domains for the Hencky energy
have been established in [53, 25, 6, 15] . Satisfaction of the Baker-Ericksen inequalities in terms of the logarithmic strain tensor is discussed in [9, 52] , while necessary conditions for Legendre-Hadamard ellipticity are given in [41] .
Motivation
We have remarked that the rank-one convexity holds true for k ≥ ? In a previous work we have used the sufficiency condition for polyconvexity which has been discovered by Steigmann [49, 50] . Eventually, it is based on a polyconvexity criterion of Ball [3] , but it allows one to express polyconvexity directly in terms of the principal isotropic invariants of the right stretch tensor U (see also [14, 32, 19, 20, 18, 8, 1] ). As it turns out, in plane elastostatics, Steigmann's criterion is already hidden in another sufficiency criterion for polyconvexity given earlier by Rosakis [36] . However, Steigmann's criterion is clearly not necessary for polyconvexity. Hence, our previous results may be improved.
In this paper, we use a direct approach based on the fact that the function Y :
, where λ max is the largest singular values (principal stretches) of F , is polyconvex. Therefore, we prove that the exponentiated Hencky energies are in fact polyconvex for k ≥ 1 4 and the main existence results is also valid for these values of the fitting parameter k.
Preliminaries. Auxiliary results
Formulation of the static problem in the planar case
The static problem in the planar case consists in finding the solution ϕ of the equilibrium equation
where the first Piola-Kirchhoff stress tensor corresponding to the energy W eH (F ) is given by the constitutive equation
with F = ∇ϕ, U = √ F T F . The above system of equations is supplemented, in the case of the mixed problem, by the boundary conditions
where Γ D , Γ N are subsets of the boundary ∂Ω, so that Γ D ∪ Γ N = ∂Ω, Γ D ∩ Γ N = ∅, n is the unit outward normal to the boundary and ϕ i , s 1 are prescribed fields.
Auxiliary results
In [29] and [30] the following results were established.
Lemma 2.1. [29]
Let k ∈ R and the matrix F ∈ GL + (2) with singular values λ 1 , λ 2 . Then 
is rank-one convex in F for k ≥ that Z is polyconvex, since we have the following result:
Lemma 3.1. If Y : [1, ∞) → R is increasing and convex and Z : GL
Proof. This is proved in exactly the same way as [34, Theorem 5.1] ; only the elements x and y of the proof have to be interpreted as pairs (F, δ), where F ∈ GL + (2) and δ > 0. The generalization to arbitrary dimension, if needed, is straightforward. Proof. An elementary evaluation of the Hessian matrix shows that for p ≥ 0, q ≥ 0 the function f (a, b) = a p b q is convex on [0, ∞) × [0, ∞) if and only if q ≤ p − 1. We take p = 2 and q = 1 and we observe that
2) and δ > 0. Using the well-known fact that F → λ 1 (F ) (the largest singular value) is convex (see e.g. [3, Lemma 5.3] and also Appendix A.1), we now prove that f 1 is convex. Indeed, since f is increasing in the first argument, we have for any t, 0 ≤ t ≤ 1, and any F α ∈ GL + (2), α = 1, 2, that
where we used the convexity of f asserted above. Thus Z(F ) = f 1 (F, det F ) is polyconvex.
Therefore, we conclude:
In view of the above proposition and using Corollary 2.3 we conclude that: 
Existence result
In plane elastostatics, having proved the coercivity and the polyconvexity of the energy W eH (U ) for k ≥ admits at least one solution. Moreover, ϕ ∈ W 1,q (Ω), q ≥ 1. Since we do not know whether det ∇ϕ ≥ c > 0 and since the energy does not satisfy a polynomial growth condition, it is not clear whether the Euler-Lagrange equations are satisfied in a weak sense.
